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K. SFETSOS Majhmatikèc Mèjodoi Fusik c

Qr simoi orismoÐ

I Sun jhc Diaforik  ExÐswsh (DE), t�xewc n onom�zetai
opoiad pote algebrik  sqèsh thc morf c

F (x , y , y (1), . . . , y (n)) = 0 , y (i) =
d iy
dx i , i = 0, 1, . . . (1)

(me y (0) = y) metaxÔ miac anex�rthshc metablht c x , miac
exarthmènhc metablht c y(x) kai parag¸gwn aut c.

I H DE èqei epilujeÐ   oloklhrwjeÐ an èqei brejeÐ h y = y(x)
  en gènei h sunarthsiak  sqèsh twn x kai y .

I 'Estw ìti h DE mporeÐ na grafteÐ se rht  morf , dhlad 
me kat�llhlouc metasqhmatismoÔc mporeÐ na grafteÐ wc
polu¸numo twn x kai y(x) kai twn parag¸gwn:
An y (n) eÐnai h uyhlìterhc t�xhc par�gwgoc sth DE, o
suntelest c n onom�zetai t�xh thc DE.
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I H DE eÐnai Grammik  n-ost c t�xewc, an me kat�llhlouc
metasqhmatismoÔc mporeÐ na grafteÐ wc polu¸numo wc
ex c

n

∑
i=0

ai (x)y (i) = Q(x) , (2)

kai m  Grammik  se k�je �llh perÐptwsh.

I Αν Q(x) = 0, τότε η ΔΕ λέγεται ομογενής γραμμική ΔΕ.
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Aplèc teqnikèc epÐlushc

An gia mÐa DE 1hc t�xhc thc morf c

y ′(x)B(x , y) + A(x , y) = 0 ⇔ A(x , y)dx + B(x , y)dy = 0 , (3)

isqÔei ìti
∂A
∂y

=
∂B
∂x

, (4)

tìte h exÐswsh mporeÐ na oloklhrwjeÐ.

I 'Iswc qreiasjeÐ na pollaplasi�soume thn (3) me ènan
oloklhrwtikì par�gonta. EÔqrhstoi kanìnec ['Askhsh]:

I Αν
∂A
∂y
− ∂B

∂x
= Bf (x) ή Af (y) , (5)

ο ολοκληρωτικός παράγοντας εξαρτάται απ΄ το x ή το y .
I Αν

∂A
∂y
− ∂B

∂x
= (xA− yB)f (xy) , (6)

τότε ο ολοκληρωτικός παράγοντας εξαρτάται απ΄ το xy .
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I JewreÐste thn 1hc t�xewc DE

y ′ + f (x)y = g(x) . (7)

S' aut n th perÐptwsh o oloklhrwtikìc par�gwn eÐnai

λ(x) = e
∫

dxf (x) .

Tìte h lÔsh thc (7) eÐnai

y(x) =
1

λ(x)

(∫
dxg(x)λ(x) + C

)
. (8)

I Merikèc forèc qrei�zetai ènac metasqhmatismìc gia na
grammikopoihjeÐ mia DE. P.q h exÐswsh Bernoulli

y ′ + f (x)y = g(x)yn , (9)

grammikopoieÐtai all�zontac metablht  wc u = y1−n.
Tìte paÐrnoume mia DE thc morf c (7) me

f (x) → (1− n)f (x) , g(x) → (1− n)g(x) . (10)
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I Mia sun�rthsh n metablht¸n f (x) onom�zetai omogen c
bajmoÔ r an

f (ax) = ar f (x) . (11)

I Mia DE thc morf c (3) sthn opoÐa oi sunart seic A kai B
eÐnai omogen c tou idÐou bajmoÔ onom�zetai omogen c DE.

I An antikatast soume

y(x) = xu(x)

kai qrhsimopoi soume ìti

A(x , xu) = x rA(1, u) , B(x , xu) = x rB(1, u) ,

paÐrnoume thn

du
dt

= −u − A(1, u)
B(1, u)

, x = et , (12)

pou eÐnai 1hc t�xhc mh grammik , en gènei, DE.
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I Mia genÐkeush eÐnai h isobar c DE an

A(ax , amy) = arA(x , y) , B(ax , amy) = ar−m+1B(x , y) . (13)

I Antikajist¸ntac
y = xmu ,

kai qrhsimopoi¸ntac ìti

A(x , xmu) = x rA(1, u) , B(x , xmy) = x r−m+1B(1, u) ,

paÐrnoume thn

du
dt

= −mu − A(1, u)
B(1, u)

, x = et , (14)

pou eÐnai 1hc t�xhc mh grammik , en gènei, DE.

7



K. SFETSOS Majhmatikèc Mèjodoi Fusik c

Y�qnontac gia ìlec tic lÔseic miac DE prèpei na eÐmaste
prosektikoÐ ¸ste na mhn q�soume tic m  profaneÐc ex' aut¸n.
Qarakthristikì par�deigma apoteleÐ h exÐswsh Clairaut

y − xy ′ = f (y ′) . (15)

I An thn paragwgÐsoume èqoume

y ′′[f ′(y ′) + x ] = 0 .

I H pr¸th dunatìthta

y ′′ = 0 =⇒ y = ax + f (a) , (16)

ìpou a eÐnai stajer� olokl rwshc kai ìpou h deÔterh
tètoia stajer� prosdiorÐsthke antikajist¸ntac th lÔsh
sthn (15).
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I Mia deÔterh apomonwmènh lÔsh bgaÐnei an

f ′(y ′) + x = 0 . (17)

ApaloÐfontac ap' aut  kai thn (15) thn y ′, brÐskoume mia
apomonwmènh lÔsh me mh aujaÐretec stajerèc.

I Wc par�deigma jewroÔme thn f (z) = z2 opìte èqoume na
epilÔsoume thn

y − xy ′ = y ′2 .

I Η λύση που αντιστοιχεί στην (16) είναι

y(x) = ax + a2 .

I Απ΄ την (17) έχουμε ότι y ′ = −x/2, οπότε απ΄ την (15) η
απομονωμένη λύση είναι η

y(x) = −x2

4
.
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Sqìlia gia DE 2hc t�xhc

I H DE 2hc t�xhc thc morf c

y ′′ = f (x , y ′) , (18)

me ton metasqhmatismì u = y ′, upobib�zetai se 1hc t�xhc

u′ = f (x , u) .

I Pio sÔnjetec eÐnai oi peript¸seic DE 2hc t�xhc thc morf c

y ′′ = f (y , y ′) . (19)

Upobib�zontai se 1hc t�xhc me to metasqhmatismì u = y ′.
H ex�rthsh ap' to x eÐnai mèsw tou y kai èqoume

du
dx

= f (y , u) =
du
dy

dy
dx

= u
du
dy

.

Opìte

u
du
dy

= f (y , u) .
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I JewroÔme th grammik  DE 2hc t�xhc

y ′′ + p(x)y ′ + q(x)y = 0 , q(x) > 0 , ∀ x . (20)

All�zontac metablht  wc

z =
∫

dx q1/2(x) ,

aut  metasqhmatÐzetai sthn

d2y
dz2 +

q′(x) + 2p(x)q(x)
2q3/2(x)

dy
dz

+ y = 0 .

'Ara an

q′(x) + 2p(x)q(x) = σταθερά× q3/2(x) ,

tìte paÐrnoume mia DE 2hc t�xhc me stajeroÔc
suntelestèc. P.q. H parap�nw sqèsh epalhjeÔetai an
p(x) = 2/x kai q(x) = 1/x2.
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I JewroÔme th mh omogen  grammik  DE 2hc t�xhc

y ′′ + f (x)y ′ + g(x)y = φ(x) . (21)

All�zontac metablht  wc

y(x) = u(x)p(x) ,

paÐrnoume

u′′ +
(

2
p′

p
+ f
)

u′ +
p′′ + fp′ + gp

p
u =

φ

p
.

I Αν p(x) είναι λύση της ομογενούς εξίσωσης στην (21), τότε
ο τελευταίος όρος στο αριστερό μέλος υποβιβάζοντας την

τάξη της εξίσωσης, σε 1ης τάξης στην u′.
I Αν εκλέξουμε

p(x) = e−
1
2
∫

dxf (x) ,

ο όρος u′ απαλοίφεται και έχουμε εξίσωση αρμονικού
ταλαντωτή με συχνότητα εξαρτόμενη απ΄ το x , καθώς και
εξωτερική δύναμη.

Αν αυτή μεταβάλλεται αργά μπορούμε να εφαρμόσουμε

προσεγγιστικές μεθόδους.
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DE 2hc t�xhc kai exÐswsh tou Schrödinger

I Sthn Kbantik  Mhqanik  h monodi�stath exÐswsh tou
Schrödinger gia statik� dunamik� paÐrnei th morf 

−d2Ψ
dz2 + V Ψ = EΨ , (22)

Ap' aut n mporoÔme na ex�goume qr sima sumper�smata
gia th morf  thc lÔshc kai tou energeiakoÔ f�smatoc E
akìma kai an den th lÔsoume epakrib¸c.

I Me kat�llhlouc metasqhmatismoÔc h genik  morf  k�je
2hc t�xhc DE gr�fetai wc

d
dx

(
f
dΦ
dx

)
+ (Eh + p)Φ = 0 , (23)

ìpou f , h kai p eÐnai sunart seic tou x kai E stajer�,
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I OrÐzoume

F = fh , H =
f
h

kai all�zoume metablhtèc wc

dx = H1/2dz , Φ = F−1/4Ψ .

I H (23) metasqhmatÐzetai sthn exÐswsh tou Schrödinger (22)
me dunamikì

V = −p
h

+ F−1/4 d2F 1/4

dz2 = −p
h

+
H1/2

F 1/4
d
dx

(
H1/2 d

dx
F 1/4

)
kai enèrgeia E . To dunamikì mporeÐ na ekfrasjeÐ �mesa
wc sun�rthsh tou z mìno an h DE

dx
dz

= H1/2(x) ,

mporeÐ na epilujeÐ kai h lÔshc thc na grafteÐ wc x = x(z).

14



K. SFETSOS Majhmatikèc Mèjodoi Fusik c

Grammikèc omogeneÐc DE n-ost c t�xhc
Sth Fusik  grammikèc DE thc morf c (2) paÐzoun prwteÔonta
rìlo gia thn katanìhsh pragmatik¸n susthm�twn   kai wc
pr¸th prosèggish sthn antimet¸pish m  grammik¸n
probl matwn. Exet�zoume pr¸ta thn omogen  exÐswsh

n

∑
i=0

an−i (x)
d iy
dx i = 0 , (24)

I Upojètoume ìti a0(x) 6= 0 tautotik�, �ra mporoÔme na
jèsoume a0(x) = 1.

I H lÔsh grammik¸n DE eÐnai monadik  gia omalèc arqikèc
sunj kec gia thn y kai tic parag¸gouc thc èwc t�xhc
n− 1.
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I H piì genik  lÔsh thc (24) eÐnai o grammikìc sunduasmìc n
grammik¸c anexart twn lÔsewn yi , i = 1, 2, . . . , n. Dhlad 

y(x) =
n

∑
i=1

ciyi . (25)

Oi stajerèc ci prosdiorÐzontai ap' tic arqikèc sunj kec.

I Shmantikì rìlo sthn katanìhsh grammik¸n DE paÐzei h
Wronskian. Gia n sunart seic yi (x), eÐnai h orÐzousa

W =

∣∣∣∣∣∣∣∣∣
y1 y2 · · · yn
y ′1 y ′2 · · · y ′n
.
.
.

.

.

.
. . .

.

.

.

y (n−1)
1 y (n−1)

2 · · · y (n−1)
n

∣∣∣∣∣∣∣∣∣ . (26)
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I K�nontac qr sh kanìnwn parag¸gishc orizous¸n
apodeiknÔetai ìti an oi yi epilÔoun thn (24) isqÔei ìti

W (x) = W0e−
∫

a1(x)dx . (27)

pou eÐnai to je¸rhma tou Liouville.
I Sthn pr�xh h stajer� W0 prosdiorÐzetai ap' thn orÐzousa

se k�poia asumptwtik  perioq , ìpou o upologismìc thc
eÐnai eÔkoloc.

I An opoiesd pote ap' tic yi eÐnai grammik¸c exarthmènec
tìte W = 0. EpÐshc, an oi yi eÐnai lÔseic thc grammmik c
DE (24) kai W = 0, tìte autèc eÐnai grammik¸c
exarthmènec.
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I Efarmog  twn parap�nw se 2hc t�xhc omogen c DE eÐnai
ìti ap' ton orismì kai to je¸rhma tou Liouville èqoume ìti

y1y ′2 − y2y ′1 ∼ e−
∫

a1(x)dx . (28)

'An èqoume breÐ mia lÔsh (p.q. thn y1) amèswc me apl 
olokl rwsh brÐskoume kai thn deÔterh grammik¸c
anex�rthth lÔsh (thn y2). To apotèlesma eÐnai

y2(x) ∼ y1(x)
∫ x

dx ′
e−

∫ x ′ a1(x ′′)dx ′′

y2
1 (x ′)

(29)
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Grammikèc mh omogeneÐc DE n-ost c t�xhc
Gia thn piì genik  lÔsh thc mh omogenoÔc exÐswshc

n

∑
i=0

an−i (x)
d iy
dx i = Q(x) , (30)

prokÔptei an apl¸c prosjètoume mia merik  lÔshc thc yp(x)
sth genik  lÔsh thc omogenoÔc me Q(x) = 0.

I H pio genik  kai asfal c mèjodoc eÐnai h mèjodoc twn
metaballìmenwn paramètrwn. Gr�foume

yp(x) =
n

∑
i=1

vi (x)yi (x) , (31)

ìpou yi (x) eÐnai grammik¸c anex�rthtec lÔseic thc
omogenoÔc exÐswshc. 'O skopìc eÐnai na prosdiorÐsoume
touc m  stajeroÔc suntelestèc vi (x), i = 1, 2, . . . , n.
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I Antikajist¸ntac sthn (30) brÐskoume telik� to sÔsthma

v ′1y1 + v ′2y2 + · · ·+ v ′nyn = 0 ,

v ′1y
′
1 + v ′2y

′
2 + · · ·+ v ′ny ′n = 0 ,

.

.

. (32)

v ′1y
(n−2)
1 + v ′2y

(n−2)
2 + · · ·+ v ′ny (n−2)

n = 0 ,

v ′1y
(n−1)
1 + v ′2y

(n−1)
2 + · · ·+ v ′ny (n−1)

n = Q(x) ,

To sÔsthma gia tic v ′i èqei monadik  lÔsh giatÐ h
Wronskian tou sust matoc W 6= 0.

I H mèjodoc aut  sun jwc apaiteÐ arketèc algebrikèc
pr�xeic kai telik� n aplèc oloklhr¸seic. Gia autì, ìpwc
ja doÔme, gia grammikèc DE me stajeroÔc suntelestèc ai
èqoun anaptuqjeÐ �llec mèjodoi.
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Grammikèc DE n-ost c t�xhc me stajeroÔc suntelestèc

I An oi suntelestèc ai (x) thc omogenoÔc DE (24) eÐnai
stajerèc, tìte h genik  lÔsh thc brÐsketai
antikajist¸ntac thn

y(x) =
n

∑
i=1

cie
mix (33)

kai prosdiorÐzontac ta mi wc lÔseic thc

n

∑
i=1

an−im
i = 0 . (34)

I To parap�nw eÐnai swstì an ìlec oi lÔseic eÐnai
diaforetikèc. An mÐa lÔsh, p.q. h m1, emfanÐzetai k > 2
forèc tìte h (33) den eÐnai swst  giatÐ perèqei mìno
n− k + 1 < n grammik¸c anex�rthtec lÔseic.
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I PaÐrnontac kat�llhla ìria, kat� ta opoÐa oi rÐzec autèc
gÐnontai telik� Ðsec, ìti tìte antÐstoiqoi k ìroi sthn (33)
antikajÐstantai apì to(

k−1

∑
i=0

cix
i

)
em1x . (35)

Apìdeixh: Ac jewr soume thn aploÔsterh twn peript¸sewn
me k = 2. Ac upojèsoume ìti arqik� oi antÐstoiqec rÐzec
eÐnai diaforetikèc. O sqetikìc ìroc sth lÔsh eÐnai

c1em1x + c2em2x .

I ΄Εστω ότι m2 = m1 + ε. Αναπτύσσουμε σε σειρά Taylor για
μικρό ε

(c1 + c2)em1x + c2xεem1x +O(ε2) .

I Αν θέσουμε c1 + c2 → c1 και κρατήσουμε σταθερό c2ε → c2
στο όριο ε → 0 παίρνουμε

(c1 + c2x)em1x .
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'Allec mèjodoi eÔreshc thc merik c lÔshc: Gia na broÔme th
merik  lÔsh yp mporoÔme fusik� na qrhsimopoi soume th genik 
mèjodo thc metabol c twn paramètrwn. Se pollèc peript¸seic
ìmwc eÐnai praktikìterh h qr sh �llwn piì eÔqrhstwn mejìdwn
an�loga me th morf  thc sun�rthshc Q(x) sthn (30).

I An
Q(x) = eaxpN (x)(c1 sin βx + c2 cos βx) , (36)

ìpou pN(x) polu¸numo N-ostoÔ bajmoÔ, dokim�zoume th
lÔsh

yp = eax sin βx
N

∑
i=0

bix
i + eax cos βx

N

∑
i=0

dix
i . (37)

I Antikajist¸ntac sthn (30) den anapar�gontai nèoi ìroi.
Oi di�foroi suntelestèc brÐskontai ¸ste na ikanopoieÐtai
h DE.

23



K. SFETSOS Majhmatikèc Mèjodoi Fusik c

Omal� kai an¸mala shmeÐa: OrismoÐ kai taxinìmish

Se pollèc peript¸seic qrei�zetai na broÔme th lÔsh miac
grammik c DE sth geitoni� enìc shmeÐou me an�ptux  thc se
apeiroseir� gÔrw ap' autì. H sumperifor� thc lÔshc
exart�tai apì aut  twn suntelest¸n thc DE sto shmeÐo autì.

I Ja epikentrwjoÔme se grammikèc DE 2hc t�xhc

d2Y
dz2 + p(z)

dY
dz

+ q(z)Y = 0 . (38)

I Σε εφαρμογές η μεταβλητή z είναι συνήθως πραγματική,
αλλά την επεκτείνουμε σε όλο το μιγαδικό επίπεδο.

I Οι συναρτήσεις p(z) και q(z) είναι συνήθως πραγματικές.
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Sun jh shmeÐa: 'Ena shmeÐo z0 onom�zetai sÔnhjec thc (38) an
oi p(z) kai q(z) eÐnai analutikèc sto z = z0 kai sth geitoni�
tou. Sta sun jh shmeÐa h lÔsh thc DE eÐnai monìtimh kai
analutik  opìte mporeÐ na ekfrasjeÐ wc

Y (z) =
∞

∑
n=0

an(z − z0)n . (39)

Oi suntelestèc an prosdiorÐzontai me:

I Antikat�stash sthn (38).

I Me par�llhlh an�ptuxh twn p(z) kai q(z) se
dunamoseir� kai telik� jètontac sto mhdèn touc
suntelestèc twn dun�mewn tou z − z0.
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An¸mala shmeÐa: 'Ena shmeÐo z0 onom�zetai an¸malo thc (38)
an toul�qiston mÐa ek twn p(z) kai q(z) eÐnai m  analutik  se
autì.
Up�rqoun dÔo anex�rthtec lÔseic:

I h pr¸th ek twn opoÐwn thc morf c

Y1(z) = (z − z0)ρ1
∞

∑
n=−∞

cn(z − z0)n (40)

I kai h deÔterh:
I Αν

αν ρ1 − ρ2 6= μη−αρνητικός ακέραιος = s , (41)

τότε

Y2(z) = (z − z0)ρ2
∞

∑
n=−∞

dn(z − z0)n ,
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I (sunèqeia)
I

αν ρ1 − ρ2 = μη−αρνητικός ακέραιος = s , (42)

τότε

Y2(z) = gY1(z) ln(z − z0) + (z − z0)ρ2
∞

∑
n=−∞

dn(z − z0)n ,

I Oi suntelestèc ρ1, ρ2, cn, bn, g prosdiorÐzontai me
antikat�stash sth DE kai sÔgkrish twn dun�mewn tou
(z − z0)n.

I ParathreÐste ìti genik� h lÔsh dÐnetai se seir� Laurent.
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I Upì sugkekrimènec sunj kec oi parap�nw seirèc Laurent
perièqoun peperasmèno arijmì ìrwn me arnhtikèc dun�meic.

I Τότε απειράθροισμα αρχίζει με τον όρο n = 0 καθότι η
μικρότερη αρνητική δύναμη μπορεί να συνδυαστεί με τους

παράγοντες (z − z0)ρ
.

I Αν s = 0 τότε το άθροισμα στην Y2 μπορεί να αρχίζει με
τον όρο n = 1.

I LÔseic autoÔ tou eÐdouc onom�zontai omalèc. H
aparaÐthth kai anagkaÐa sunj kh gia na èqoume omalèc
lÔseic sth geitoni� enìc shmeÐou z = z0 eÐnai oi
sunart seic

(z − z0)p(z) και (z − z0)2q(z) , (43)

na eÐnai analutikèc sto z = z0 kai sth geitoni� tou.

I 'Ena an¸malo shmeÐo pou ikanopoieÐ th (43) onom�zetai
kanonikì an¸malo shmeÐo, eid�llwc ousi¸dec an¸malo
shmeÐo.
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Sumperifor� sto �peiro

H sumperifor� sto z = ∞ qr zei idiaÐterhc antimet¸pishc.
Jètontac t = 1/z , arkeÐ na melet soume th sumperifor� sto
t = 0. Tìte h (38) paÐrnei thn Ðdia morf , all� me parag¸gouc
wc proc t kai me tic sunart seic p(z) kai q(z) na
antikajÐstantai ap' tic

p̃(t) =
2
t
− 1

t2
p
(

1
t

)
, q̃(t) =

1
t4

q
(

1
t

)
. (44)

I 'Ena an¸malo shmeÐo sto �peiro ja eÐnai kanonikì an

zp(z) και z2q(z) είναι αναλυτικές στο z → ∞ . (45)

I EpÐshc èna shmeÐo sto �peiro ja eÐnai sÔnhjec an

p(z) =
2
z

+O
(

1
z2

)
, q(z) = O

(
1
z4

)
. (46)
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Exis¸seic tÔpou Fuchsian
Mi� exÐswsh me ìla ta an¸mala shmeÐa thc omal� onom�zetai
tÔpou Fuchsian. 'Estw ìti aut� eÐnai sta shmeÐa z = ai ,
i = 1, 2, . . . , n kai z = ∞.

I H genik  morf  twn suntelest¸n eÐnai

p(z) =
n

∑
i=1

Ai
z − ai

,

q(z) =
n

∑
i=1

Bi
(z − ai )2

+
Ci

z − ai
. (47)

I Epeid  z = ∞ eÐnai kanonikì an¸malo shmeÐo èqoume ap'
thn (45), ìti

n

∑
i=1

Ci = 0 . (48)

30



K. SFETSOS Majhmatikèc Mèjodoi Fusik c

I Den mporoÔme na prosjèsoume sto dexÐ mèloc twn (47) mia
analutik  sun�rthsh f (z).

I Επειδή το z = ∞ είναι κανονικό ανώμαλο σημείο αυτή θα
πρέπει να πλησιάζει το 0 στο z = ∞.

I ΄Ομως τότε απ΄ το θεώρημα του Liouville έχουμε f (z) = 0.

I Se èna kanonikì an¸malo shmeÐo oi par�metroi thc seir�c
ρ1,2 apoteloÔn lÔseic thc 2o-b�jmiac exÐswshc h opoÐa
kajorÐzetai ap' touc piì an¸malouc ìrouc thc kai
onom�zetai qarakthristik  exÐswsh

ρ2 + (Ai − 1)ρ + Bi = 0 , i = 1, 2, . . . , n . (49)

I Sto �peiro h antÐstoiqh exÐswsh eÐnai

ρ2 +

(
1−

n

∑
i=1

Ai

)
ρ +

n

∑
i=1

(Bi + aiCi ) = 0 . (50)

thc opoÐac oi lÔseic anafèrontai ston ekjèth tou t = 1/z
sthn metasqhmatismènh exÐswsh.
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IsqÔoun oi akìloujec genikèc parathr seic

I To �jroisma twn riz¸n twn (49) kai (50) eÐnai n− 1.
I An z = ∞ eÐnai èna sÔnhjec shmeÐo tìte oi akìloujec

sunj kec prèpei na upakoÔontai:

n

∑
i=1

Ai = 2 ,

n

∑
i=1

Ci = 0 ,

n

∑
i=1

(Bi + aiCi ) = 0 , (51)

n

∑
i=1

(2aiBi + a2
i Ci ) = 0 .
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DE me trÐa omal� an¸mala shmeÐa

H sunhjèsterh kathgorÐa DE pou emfanÐzetai se fusik�
probl mata eÐnai autèc me trÐa omal� an¸mala shmeÐa.

I 'Estw a, b, c ta shmeÐa aut� ta opoÐa eÐnai di�fora metaxÔ
twn kai tou apeÐrou to opoÐo jewreÐtai ìti eÐnai sÔnhjec
shmeÐo.

I H DE eÐnai thc morf c

d2Y
dz2 +

[
1− α1 − α2

z − a
+

1− β1 − β2
z − b

+
1− γ1 − γ2

z − c

]
dY
dz

+
[α1α2(a− b)(a− c)

z − a
+

β1β2(b− c)(b− a)
z − b

(52)

+
γ1γ2(c − a)(c − b)

z − c

] Y
(z − a)(z − b)(z − c)

= 0 .

I Oi ekjètec twn anex�rthtwn lÔsewn eÐnai (α1, α2), (β1, β2)
kai (γ1, γ2).
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I Epeid  to �peiro eÐnai sÔnhjec shmeÐo èqoume ìti

α1 + α2 + β1 + β2 + γ1 + γ2 = 1 . (53)

I An k�noume to metasqhmatismì

x =
(b− c)(z − a)
(b− a)(z − c)

, Y (z) =
(

z − a
z − c

)α1
(

z − b
z − c

)β1

F (x) , (54)

tìte h sun�rthsh F (x) ikanopoeÐ thn upergewmetrik 
exÐswsh

x(1− x)
d2F
dx2 + [γ− (α + β + 1)x ]

dF
dx
− αβF = 0 , (55)

me paramètrouc

α = γ1 + α1 + β1 , β = γ2 + α1 + β1 , γ = 1 + α1 − α2 .

Aut  èqei trÐa omal� an¸mala shmeÐa, ta z = 0, 1, ∞, me
antÐstoiqouc ekjètec (0, 1− γ), (0, γ− α− β) kai (α, β).

34



K. SFETSOS Majhmatikèc Mèjodoi Fusik c

I An k�poia ap' tic paramètrouc eÐnai �peirh , p.q. h c = ∞
tìte h (52) gÐnetai

d2Y
dz2 +

[
1− α1 − α2

z − a
+

1− β1 − β2
z − b

]
dY
dz

+
[

α1α2(a− b)
z − a

+
β1β2(b− a)

z − b
+ γ1γ2

]
× Y

(z − a)(z − b)
= 0 . (56)

I Tìte èqoume trÐa omal� an¸mala shmeÐa a, b kai ∞,
dhlad  to z = ∞ den eÐnai pi� sÔnhjec shmeÐo.

I To an�logo tou metasqhmatismoÔ (54) pou ja d¸sei
upergewmetrik  exÐswsh eÐnai

x =
z − a
b− a

, Y (z) = (z − a)α1(z − b)β1F (x) . (57)
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I Oi suntelestèc thc upergewmetrik c exÐswshc dÐdontai apì

α + β = α1 + β1 − α2 − β2 + 1 ,

αβ = γ1γ2 + (α1 + β1)(1− α2 − β2) , (58)

γ = 1 + α1 − α2 .

I H lÔsh paÐrnei th morf  (55) arkeÐ na ikanopoieÐtai h (53).

I Ta zeÔgh twn qarakthristik¸n ekjet¸n sta shmeÐa a, b kai
∞ eÐnai (α1, α2), (β1, β2) kai (γ1, γ2).
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Surrèousa Upergewmetrik  exÐswsh

'Otan dÔo an¸mala shmeÐa miac DE plhsi�soun kai entèlei
tautistoÔn to apotèlesma eÐnai mia DE me èna ligìtero
an¸malo shmeÐo, me idiìthtec tupik� piì sÔnjetec sto koinì
shmeÐo.
H perÐptwsh thc upergewmetrik c exÐswshc (55) eÐnai tupikì
par�deigma. 'Estw ìti:

I K�noume thn allag  x → x/β kai diairoÔme thn (55) me β.

I PaÐrnoume to ìrio β → ∞.

To apotèlesma eÐnai:

x
d2Y
dx2 + (γ− x)

dY
dx
− αY = 0 , (59)

pou eÐnai h surrèousa upegewmetrik  exÐswsh.
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Aut  èqei:

I 'Ena kanonikì an¸malo shmeÐo sto x = 0, Ðdio me autì thc
arqik c exÐswshc, me ekjètec, ap' thn (49), touc ρ = 0 kai
1− γ.

I 'Ena mh kanonikì shmeÐo sto x = ∞, wc apotèlesma tou
orÐou, twn dÔo arqik¸n sun jwn an¸malwn shmeÐwn gia
x = 1, ∞.

I H upergewmetrik  kai h surrèousa upergewmetrik 
exÐswsh antistoiqoÔn, me kat�llhlec eklogèc twn
paramètrwn se pollèc gnwstèc DE, p.q. Legendre, Jacobi,
Hermite, Laguerre, klp.
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Par�deigma 1o

Ja broÔme th genik  lÔsh thc DE

(1− x)
d2y
dx2 + x

dy
dx
− y = (1− x)2 , y = y(x) . (60)

LÔsh: Gr�foume thn DE sthn morf 

y ′′ + f (x)y ′ + g(x)y = φ(x) , (61)

me

f (x) =
x

1− x
, g(x) =

1
x − 1

, φ(x) = 1− x .

H y = x apoteleÐ lÔsh thc omogenoÔc DE. Epomènwc, h allag 
metablht c

y(x) = xv(x) ,

odhgeÐ sthn 1hc t�xhc wc prìc thn par�gwgo v ′(x)

d2v
dx2 +

(
2
x

+
x

1− x

)
dv
dx

=
1
x
− 1 .
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Qrhsimopoi¸ntac th mèjodo twn oloklhrwtik¸n paragìntwn

dv
dx

= c
1− x
x2 ex +

x2 − 1
x2 ,

ìpou c stajer�. Me apl  olokl rwsh

y(x) = −cex + c1x + x2 + 1 , (62)

ìpou c1 h deÔterh stajer� olokl rwshc.
Oi endi�mesa upologismoÐ af nontai ¸c ['Askhsh].
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Par�deigma 2o

Ja broÔme th genik  lÔsh thc DE

x
d2y
dx2 + 2

dy
dx

+ n2xy = sin ωx , y = y(x) . (63)

ìpou ω kai n eÐnai pragmatikèc stajerèc.
LÔsh: Gr�foume th DE sth morf  (61) me

f (x) =
2
x

, g(x) = n2 , φ(x) =
sin ωx

x
.

H allag 

y(x) =
v(x)

x
,

odhgeÐ sthn
d2v
dx2 + n2v = sin ωx .
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H lÔsh thc omogenoÔc vh eÐnai profan c kai h merik  lÔsh eÐnai

vp(x) =
sin ωx

n2 −ω2 , (64)

an ω 6= n kai

vp(x) = −x cos nx
2n

, (65)

an ω = n. H genik  lÔsh dÐnetai apì to �jroisma v = vh + vp.
Oi endi�mesa upologismoÐ af nontai ¸c ['Askhsh].
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Par�deigma 3o

JewroÔme th DE

d2y
dx2 =

1
(x2 + y2)2

, y = y(x) . (66)

BreÐte merikoÔc ìrouc miac proseggistik c lÔshc pou na
ekfr�zei thn y(x) gia x � 1.
LÔsh:

I Upojètontac ìti h y(x) paramènei peperasmènh gia
x � 1, mporoÔme gr�youme prosseggistik�

d2y
dx2 '

1
x4 =⇒ y(x) ' 1/6

x2 .

Ek' tou apotelèsmatoc, h upìjesh  tan swst .
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I Gia na upologÐsoume diorj¸seic gr�foume

y(x) =
1/6
x2 + h(x) ,

ìpou h sun�rthsh h(x) � 1/x2 gia x � 1.
I AntikajistoÔme sth DE kai anaptÔsoume se seir� Taylor

paÐrnontac

0 =
(

1
18x10 + h′′

)
+
(
− 1

432x16 +
2h
3x8

)
+
(

1
11664x22 −

h
18x14 +

2h2

x6

)
+O

(
1

x28

)
.

I H h ja eÐnai �jroisma ìrwn antÐstrofwn dun�mewn tou x
me an�ptuxh thc morf c

h(x) =
a1
x8 +

a2
x14 +

a3
x20 +O

(
1

x26

)
.
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I Antikajist¸ntac brÐskoume to algebrikì sÔsthma

1
x10 :

1
18

+ 72a1 = 0 ,

1
x16 : − 1

432
+

2a1
3

+ 210a2 = 0 ,

1
x22 :

1
11664

− a1
18

+ 2a2
1 +

2a2
3

+ 420a3 = 0 ,

h lÔsh tou opoÐou eÐnai

a1 = − 1
1296

, a2 =
11

816480
, a3 = − 4079

12345177600
.
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Par�deigma 4o

JewroÔme th DE

d2y
dx2 = y2 − e2y , y = y(x) . (67)

I EntopÐste thn perioq  sthn opoÐa h lÔsh thc (67) eÐnai
armonik  tal�ntwsh kai deÐxte ìti h ap�nthsh an�getai
sth lÔsh thc uperbatik c exÐswshc

a2 = e2a . (68)

Dikaiolog ste ìti h monadik  lÔsh thc teleutaÐac eÐnai
tètoia ¸ste −1 < a < 0.

I DeÐxte ìti h suqnìthta twn mikr¸n talant¸sewn kont�
sthn perioq  aut  eÐnai

ω2 = 2(a− 1)a . (69)
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LÔsh:

I GÔrw apì èna shmeÐo issorropÐac y = a h par�gwgoc thc
y eÐnai mhdèn. 'Ara prokÔptei h (68). Apì aut  paÐrnoume
dÔo lÔseic diìti ea = ±a:

I Επειδή η συνάρτηση f+(a) = ea − a έχει ελάχιστο 1 στο
a = 0, είναι αδύνατο να ικανοποιήσουμε την f+ = 0.

I Η f−(a) = ea + a είναι μονοτόνως αύξουσα και έχουμε
f−(0) = 1 και f−(−1) = −1 + 1/e > −1. Άρα προκύπτει η
ανισότητα −1 < a < 0.

I Η αριθμητική λύση της ea + a = 0 είναι a ' −0.567.

I Jètoume
z = a + q(x) , q(x) � a , ∀ x ,

antikajistoÔme kai anaptÔsoume se seir� Taylor
krat¸ntac ton grammikì ìro sto q(x).
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I BrÐskoume thn DE

d2q
dx2 + 2a(a− 1)q = 0 ,

pou perigr�fei armonikèc talant¸seic, apì thn opoÐa
prokÔptei h zhtoÔmenh suqnìthta.
EÐnai de jetik  lìgw thc anisìthtac −1 < a < 0 kai
arijmhtik� ω ' 1.333.

I Genikìtera �n to dexÐ mèloc thc DE (67) eÐqe mia
sun�rthsh f (y), tìte:

I Το a θα δινόταν από την f (a) = 0 και ω2 = −f ′(a).
I Θα είχαμε αρμονική κίνηση και ευστάθεια μόνο αν

f ′(a) < 0.
I Στην αντίθετη περίπτωση η λύση στο σημείο z = a κρίνεται
ως ασταθής διότι η διαταραχή q(x) αυξάνεται με το x .
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Par�deigma 5o

BreÐte th lÔsh thc DE Riccati

x
2

y ′ + xy2 + y = 1 , y = y(x) , x > 0 (70)

kai melet ste th sumperifor� thc.
LÔsh:

I AntikatajistoÔme ìpou

y =
z ′

2z
, z = z(x) ,

opìte èqoume th DE

xz ′′ + 2z ′ − 4z = 0 .
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I JewroÔme katìpin to metasqhmatismì

z(x) = xαf (η) , η = γxβ

kai prosdiorÐzoume tic stajerèc α, β kai γ ètsi ¸ste h
f (η) na ikanopoieÐ mia gnwst , e�n dunatìn, DE.

I 'Eqoume gia tic parag¸gouc

z ′ = αxα−1f + βγxα+β−1 ḟ ,

kai

z ′′ = α(α− 1)xα−2f + βγ(2α + β− 1)xα+β−2 ḟ

+β2γ2xα+2β−2 f̈ ,

ìpou h teleÐa parist�nei parag¸gish wc proc η.
I Tìte h (71) gr�fetai

β2γ2x2β d2f
dη2 + βγ(2α + β + 1)xβ df

dη
+ (α2 + α− 4x)f = 0 .
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I SugkrÐnontac me thn DE tropopoihmènhc Bessel 1hc t�xhc

η2 d2f
dη2 + η

df
dη
− (η2 + 1)f = 0 ,

paÐrnoume

α = −1
2

, β =
1
2

, γ = 4 .

I 'Ara h genik  lÔsh gia thn z(x) eÐnai

z(x) = x−1/2 [c1I1(4
√

x) + c2K1(4
√

x)
]

,

I Qrhsimopoi¸ntac tic tautìthtec

I ′1(4
√

x) =
1

4
√

x
I1(4

√
x) + I2(4

√
x) ,

K ′1(4
√

x) =
1

4
√

x
K1(4

√
x)−K2(4

√
x) ,

brÐskoume ìti h genik  lÔsh thc (70) eÐnai

y(x) = x−1/2 I2(4
√

x)− cK2(4
√

x)
I1(4

√
x) + cK1(4

√
x)

,

ìpou c = c2/c1.
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I Lìgw tou ìti

I1,2(η) ∼ η1,2 , K1,2(η) ∼ 1
η1,2 , όταν η → 0 ,

prèpei c = 0 gia na eÐnai h lÔsh peperasmènh sto x = 0.
I 'Ara kal¸c sumperiferìmenh lÔsh eÐnai

y(x) = x−1/2 I2(4
√

x)
I1(4

√
x)

. (71)

'Eqoume th sumperifor�:
I Για μικρά x

y(x) ' 1− 2x
3

+O(x2) ,

I Επίσης λόγω του ότι I1,2(η) ∼ eη/
√

2πη, για η � 1,

y(x) ' x−1/2 → 0 , όταν x → ∞ .
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